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Letters —

Alternate Forms of the Generalized Composite

Scattering Matrix

P. L. OVERFELT AND D. J. WHITE

The cascading of two scattering matrices to form a composite

scattering matrix is a well-known operation. Its advantage over

the more straightforward cascading of transmission matrices lies

in the fact that scattering matrices avoid the often occurring large

transmission matrix elements that lead to computational difficul-

ties. A fairly recent paper by Chu and Itoh [1] used direct

substitution between inputs and outputs to derive a form for the

generalized composite scattering matrix. We would like to point

out that this is by no means the only method of derivation.

“Star” matrix multiplication [2], [3], conversion of a generalized

composite transmission matrix to its scattering equivalent [4], and

signaf flow graph analysis [5] are other methods of derivation.

The forms of the resultant composite scattering matrices derived

by these methods are often different. It is the purpose of this note

to reconcile these different forms.

Using the notation in [1] throughout and assuming that the line

length L in [1] is zero so that

‘(’)=F‘:”‘:3[.1 ‘1’
reduces to the identity matrix 1, we have from [1]

where the elements S’/ are submatrices of infinite order and

with

CT1=(I-SW)-l (4a)

fJ2=(I-sw-1. (4b)

The * in (2) is used to denote the cascading process and is, of

course, the “star product” of Redheffer [2], [3], [6] originally

derived for cascaded 2n-ports (see Fig. 1). Redheffer’s composite

scattering matrix was put in the form [7] (still using the notation

in [1]):

(~a=(s’’:f::~s2’~44:::LJ
(5)

The off-diagonal elements of (5) are the same as in (3), but the
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Fig. 1. Cascading two 2n-ports with scattering matrices S1 and S1 (.S1 and

S2 as m [1]).
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Fig. 2. S1gna3 flow graph for cascaded 2tt-ports of Fig. 1

diagonal elements are not. Using the identity

A(I– BA)-’=(I–.4Bl A1A (6)

we see that the second term of the upper left element in (5) is

c#2~33~1s
2’= SW’( z- .s2%33)-1s2’

= s12(I – s’3s2~)-Ls3’s21 (7)

and the second term in the lower right element in (5) is

S43S221J2S
34 = s43s22( 1 _ ,y’3s2~) ‘1,s34

(8)= s43( I – @2,y33) ‘1s22s34, \

Equations (7) and (8) can now be used in (5); thus the form in (5)

is shown to be equivalent to that in (3).

A third form of the generalized composite scattering matrix

can be found using a signal ffow graph analysis. The signal flOW

graph is readily solved by tracing the vector signals through the

network, taking cwe to maintain the proper order of matrix

multiplication. Using Fig. 2, if we cascade SI ~d S2, we obtain

[
sAA = s1l + I _ s12@3s2~ s12~ ) -1] ‘l,yl~,CjT33S21 ($)a)

SAC == [ [- s12s3’s22(s12)-1] “-’s12s34 (913)

sc~= [ I – S4WW( tw) -1]“-1s%21 (9C)

[
sCC = s44 + I _ s43s~2s33 s43~ ) -I] ‘1s43s**s34 (94

Equations (9) can be put in the form of (3) in the following way.
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F1g 3. Cascading two three-ports to form a two-port.

Taking the upper left element (9a), we cart write it as

{
~44 = s1l + ( s12) ‘1 [ z _ s12s33s22 s12( )-’]} -’s33s21 (10)

[
= s11 + (~– s33s22 )@12)-’j “-’s33s21

= ~11 + #2( I _ s33s22) ‘l~33s21 (11)

Equation (11) is now the same as the upper left element of (3).

SAC, SCA, and Scc in (9) can be transformed to give the

remaining elements of (3) in the same way.

While (9) is neither the simplest nor the most numerically

convenient of the three forms of the opposite scattering matrix, it

is the easiest to derive. Using Fig. 2 and a few signal flow rules,

(9) can be written down by inspection.

Although these generalized composite scattering matrix rules

apply explicitly to cascaded 2n-ports, they often can be applied

to the cascading of n-port devices (where n is odd) by the

introduction of dummy ports with some port renumbering. A

simple example is shown in Fig. 3, where two three-ports are

cascaded to form a two-port.

Here, dummy ports are added to convert the three-ports into

four-ports, and the ports are renumbered to allow application of

the composite matrix rules. The numbers exterior to the (black)

boxes are the originaf three-port numbers; the interior numbers

are the renumbered four-port numbers. The interior numbers in

parentheses are the overall composite four-port numbers, while

the exterior numbers in parentheses are the port numbers for the

actual resulting two-port.

If 1 is the port number of a dummy port, then the scattering
matrix elements S,, = S,,, j + 1, are zero. The reflection coeffi-

cients at the dummy ports S,, are arbitrary. Computationally

setting them equaf to 1 or O is convenient. (Note that S,, = S,, = O

will cause infinities in the transmission matrix elements if that

approach is attempted.)

Application of the composite scattering matrix rules will of

course result in a 4 x 4 overall scattering matrix; however, it is

straightforward to pick out the appropriate scattering coefficients

for the desired overall two-port resulting from this particular

configuration.
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